In this paper, the partial-wave expansion method is applied to describe the difference-frequency pressure generated in a nonlinear scattering of two acoustic waves with an arbitrary wavefront by means of a rigid sphere.
is obtained as a partial-wave expansion which depends on beam-shape and were considered. 
75
In this case, the wavenumber of a single-frequency wave becomes a com-76 plex number. However, the account for shear wave propagation, which is 77 supported in viscous fluids, lies beyond the scope of this study. 
Wave dynamics

79
We are interested on describing how a difference-frequency wave is gen- 
where β = 1+(1/2)(B/A), with B/A being the thermodynamic nonlinear pa- 
where i is the imaginary unit,p i,1 andp i,2 are the dimensionless pressure 
wherep s,1 andp s,2 are the dimensionless pressure amplitudes of the scattered 106 waves. Therefore, the total primary pressure in the fluid is then p (1) = p i +p s .
107
It is worthy to notice that the quadratic term ∂ 2 p (1)2 /∂t 2 in Eq. (5) gives 108 rise to waves at second-harmonic frequencies 2ω 1 and 2ω 2 , sum-frequency 109 ω 1 + ω 2 , and difference-frequency ω 2 − ω 1 . These frequency components are 110 distinct and do not affect each other. Our analysis is restricted to difference-111 frequency component only.
112
By substituting Eqs. (6) and (7) into Eq. (4), we find that the primary 113 pressure amplitudes satisfy the Helmholtz equation
where k n = ω n /c 0 is the primary wavenumber. Figure 1 : (Color online) Outline of the scattering problem. Two incident waves of arbitrary wavefront with amplitudesp i,1 andp i,2 insonify a target. The observation point is denoted in spherical coordinates by r(r, θ, ϕ), where r is the radial distance from the scatterer to the observation point, θ and ϕ are the polar and the azimuthal angles, respectively.
115
The incident pressure amplitudes are assumed to be regular (finite) in the 116 origin of the coordinate system. Thus, they are given, in spherical coordinates
117
(radial distance r, polar angle θ, azimuthal angle ϕ) by [33]
where lm → 
where h The generated difference-frequency pressure is a second-order field in the
130
Mach number expansion (3). Thus, we may express the difference-frequency 131 pressure as
wherep − is the dimensionless difference-frequency pressure amplitude and 
where k − = ω − /c 0 is the difference-frequency wavenumber and
with the symbol * meaning complex conjugation. sphere's surface.
150
The particle velocity given up to second-order approximation is expressed
where v (1) 
with the prime symbol meaning derivation.
The second-order particle velocity satisfies the conservation equation [36] 162 ρ 0 ∂v
where 
Now, using the linear relation p 
where S denotes the sphere's surface and V is the volume of the spatial 
172
The contribution of the surface integral for two interacting spherical waves
173
(monopoles) is found to be k where ω 0 is the mean frequency. Now the ratio between the integrals can 179 be expressed as
ratio. If the contribution from the surface integral is about 0.01 of that from 181 the volume integral in water, the downshift ratio should be larger than 5.
182
Therefore, limiting our analysis to downshift ratios larger than 5, we can difference-frequency pressure amplitude is given by
where dΩ ′ is the infinitesimal solid angle and the integration is performed on 197 the surface of the unit-sphere Ω.
198
In the region r ′ < r, the Green's function which satisfies the Neumann 199 boundary condition on the sphere's surface is given by [38]
where
After using the large argument approximation of the spherical Hankel func- (22), we find the Green's function in the farfield as
Now, substituting this equation into Eq. (21) along with Eqs. (9) and (10), we 204 obtain the difference-frequency scattered pressure amplitude in the farfield
is the difference-frequency scattering form function. The interaction function is expressed as
is the Clebsch-Gordan coefficient, which come from the angular integration through the identity [41]
The Clebsh-Gordan coefficient satisfies the following conditions [42] 
otherwise it values zero. Furthermore, when m 1 = m 2 = m = 0 the l 1 + l 2 + l should be even else the coefficient becomes zero. The cumulative radial functions ̺ (··) stands for each possible interaction of the primary waves,
i.e. incident-with-incident (II), scattered-with-incident (SI), incident-withscattered (IS), and scattered-with-scattered (SS). They are given by
Equations (25) and (26) waves with arbitrary wavefront from a spherical target.
210
In the upcoming analysis, it is useful to decompose the difference-frequency 211 pressure amplitude following the contribution of each primary interaction as 212 given in Eq. (27). Accordingly, we write
where the super-indexes stand for the interaction of the primary waves and 
217
We will show later that the scattered-with-scattered interaction provides 
Since the integrand uniformly approaches to the product of the asymptotic 222 formulas of the spherical functions with large argument in the interval a/r ≤ 223 u ≤ 1, then in the farfield this integral has can be written [47] 224
As a result, the contribution provided by the scattered-with-scattered inter-226 action to the difference-frequency scattered pressure varies with the radial 227 distance r as follows
where A 1 and A 2 are constants to be determined from Eqs. (25) The power scattered at difference-frequency is given by
where 'Re' means the real-part and the amplitudev − comes from the difference- 
where c is a positive constant related to the truncation numerical precision, 
267
The partial wave expansion of each plane wave is given by [39]
where n = 1, 2 and k n is given in terms of (k n , θ n , ϕ n ), with θ n and ϕ n being we find that the beam-shape coefficient is given by
For radial distances larger than R the incident pressure amplitude vanishes, 
274
The scattering problem can be further simplified by assuming that one 275 plane wave propagates along the z-axis, thus, k 1 = k 1 e z , with e z is the
276
Cartesian unit-vector along the z-axis. Whereas the other wave travels along 277 the direction determined by k 2 = sin(θ 2 )e x + k 2 cos(θ 2 )e z , where e x is the
278
Cartesian unit-vector along the x-axis. Unless specified, the scatterer ra- 
288
Hence, the truncation orders forp 
316
Moreover, we approximate the Green's function in the farfield to
Thus, substituting the source term and the Green's function into Eq. (21),
318
we find that the dimensionless parametric array pressure is given by
Using the physical parameters of Fig. 3 , we find good agreement between 320 the this pressure andp 
335
In Fig. 5 , we show the directive pattern in the xz-plane of the difference-336 frequency scattered pressure generated in the scattering of two counter- waves weakly interact nonlinearly [50] . Thus, the difference-frequency pres- 
349
The scattered pressure varying with difference-frequency is shown in Fig. 7 .
350
The pressure is evaluated at r = 0.5 m in the forward scattering direc- 
358
Physically the scattered pressure does not diverge, but decays due to atten-359 uation instead.
360
It is worthy to relate our analysis with a previous theoretical study on 361 difference-frequency generation in acoustic scattering [25] . We have tried to 362 draw a direct comparison between this work and the method presented here.
363
Unfortunately, we could not reproduce the reference'ss results due to the 364 presence of angular singularities in the difference-frequency scattered fields. The (dimensionless) scattered pressure magnitude versus the differencefrequency. The physical parameters used in the evaluation here are the same as those described in Fig. 3. analyzed. The difference-frequency scattered pressure in the farfield was ob- signal is supposed to be formed in a viscous fluid.
406
In conclusion, this article presents the difference-frequency generation in 
with a ≤ r < r ′ . We assume that the source term is due the interaction of 
